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In this study, a new Poisson-type equation for non-hydrostatic pressure in terrain-following o-coordinates is
proposed. The resulting equation consists of a standard elliptic operator and other first-order operators for non-
hydrostatic pressure. Compared with the original Poisson-type equation, the treatment of the boundary condition
at the lateral boundary can be simplified. Numerical tests indicate that the reformulated Poisson-type equation

shows better convergence properties than the original equation when the quadrature-free nodal discontinuous
Galerkin method is adopted for numerical discretization. Additionally, for the standing wave case, the numerical
error of the three-dimensional non-hydrostatic model with the reformulated Poisson equation is smaller than
that with the original equation, the numerical results of the solitary wave case indicate that the dissipation of
the three-dimensional non-hydrostatic model is small, and transformation of wave over a circular shoal indicates
that the developed model can properly simulate combined wave refraction and diffraction.

1. Introduction

The incompressible Navier-Stokes equation-based three-dimensional
non-hydrostatic model has been widely used for the simulation of sur-
face water waves [1-8] over the last two decades. This model is attrac-
tive due to the following properties. On the one hand, the elevation of
the free surface is supposed to be a single-valued function of horizon-
tal functions and can be captured by the free surface equation or the
kinematic condition at the surface, so this model is not computationally
expensive compared with the volume of fluid (VOF)-based [9], level
set-based [10] or marker and cell (MAC)-based [11] numerical mod-
els and can be used for large-scale simulations. On the other hand, the
model can reflect the nonlinearity and dispersion properties of water
waves at variable water depths well since an arbitrary number of layers
can be used in the vertical direction.

For the solution of the non-hydrostatic model, to avoid a system
of equations of indefinite saddle point type arising from the coupling
of velocity and pressure [12], this model is mainly solved numerically
with the fraction-step method, and the whole process consists of a hy-
drostatic step and non-hydrostatic step. In the hydrostatic step, the
nonlinear convection-diffusion equations for velocity are advanced in
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time to obtain the divergent velocity field, while in the non-hydrostatic
step, a Poisson-type equation is numerically solved to obtain the non-
hydrostatic pressure, which is further used for the correction of the
divergent velocity field so that the final velocity field is divergence
free. At present, for the widely used terrain-following o-coordinate
non-hydrostatic models, the following Poisson-type equation generally
needs to be solved in the non-hydrostatic step [5,13,14]:

62 02 2 2 2 2
%q,9q, (0¢)+ do +(06) 9q
ox2 0y2 ox* ay* 0z* do2
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where g is the non-hydrostatic pressure, x*, y* and z* are the Cartesian
coordinates in the physical domain, x, y and ¢ are the Cartesian coor-
dinates in the computational domain, and RHS is the right-hand side of
the Poisson-type equation. Eq. (1) has been numerically solved based
on the finite difference method [14], finite volume method [13] and
continuous Galerkin method [5].
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In recent years, the discontinuous Galerkin (DG) method has been
used for the numerical implementation of incompressible Navier-Stokes
equations [15,16] due to its local conservation, compactness, high or-
der of accuracy and good application to unstructured meshes. When DG
is used for the numerical implementation of the three-dimensional non-
hydrostatic model and the boundary condition for the non-hydrostatic
pressure is imposed weakly in the non-hydrostatic step, we need to ex-
plicitly impose the boundary condition for each term in Eq. (1), which
is cumbersome and may introduce extensive numerical error. To sim-
plify the numerical implementation of the boundary condition for the
non-hydrostatic pressure, it is worthwhile to find a new way of han-
dling the terms evolved in the derivation of the Poisson-type equation,
with the goal of ultimately deriving a new form of Poisson-type equa-
tion. Therefore, the objective of the present paper is to derive a new
type of Poisson-type equation consisting of a standard elliptic opera-
tor and other first-order operators for non-hydrostatic pressure. In the
framework of the quadrature-free DG method, we numerically indicate
that the newly derived Poisson-type equation shows better convergence
properties and smaller numerical error and dissipation than the original
equation.

This paper is organised as follows. In Section 2, the governing equa-
tions for the three-dimensional non-hydrostatic model in the terrain-
following ¢ coordinate are derived based on the incompressible Navier—
Stokes equations, and the accompanying boundary condition for non-
hydrostatic pressure is given. In Section 3, the newly derived Poisson-
type equation for non-hydrostatic pressure is derived first, followed
by a comparison between the newly derived equation and the tradi-
tional equation. Numerical implementation of the reformulated Poisson
equation is given in Section 4, and a comparison of the two different
Poisson-type equations is conducted in Section 5. Finally, conclusions
are drawn in Section 6.

2. Governing equations of the non-hydrostatic model
2.1. Governing equations

The incompressible Navier-Stokes equations in the physical domain
(x} =x*, x3 =y, x; =z*) are as follows:

Ju; ~0 )
ox? v

Ju; Ju; 1 op 07y

—buj——t = g+ —, 3
o/ ox} p ox; &i ox; @

where r* is the time, (i, ) = 1,2, 3, u; is the velocity component in direc-
tion x, p is the total pressure, p is the water density, g; = —gd;3 is the
acceleration term due to gravity, and r;; is the turbulent stress, which
is taken to be zero in the present paper. For the water wave we are
concerned with, Eq. (2) and Eq. (3) are subject to the following kinetic

boundary conditions at the surface and bottom boundary:

w. = dn _ on an v on 4)
T dre T ot N Jxc* ’Iay*’
db db db
wb:mzubax* +Uhay*, (5)

where 5 (x*,y*,t*) and b(x*,y*) are the water surface and bottom el-

evation, respectively, and (un,un,wn) and (uy,v,, w,) are the velocity

components of the fluid parcels at the surface and bottom boundary.
To better represent the bottom topography and water surface, the o

transformation developed by Phillips [17] is adopted:

B 7% — n(x*,y*,t*)

- D (x*, y*, 1%)

where D(x*, y*,t*) = n(x*, y*,1*) — b(x*, y*) is the total water depth.
According to the principle of chain differentiation, partial deriva-

tives of variable f = f(x*, y*, z*,1*) in the physical domain can be writ-

ten in the following form in the computational domain:

(6)
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Substituting Eq. (7) back into Eq. (2) and Eq. (3), we can arrive at
the governing equations for the terrain-following o-coordinate non-
hydrostatic models as follows:

0D  dDu  JdDv  dw _

L 2 By, 8
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where U = (Du, Dv, Dw)" are the conservative variables and E, G, and
H are the flux terms in the x, y and o directions, respectively, and are
defined as

Duu + %g (D2 - b2) Duv
E= Duv , G= Duv+%g(D2—b2)
Duw Dow
uw
H=| vo (10)
ww
The source terms are given as
_D (94, 949 90
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0 _log
p do

It is noted that the total pressure p is divided into two parts: the non-
hydrostatic pressure ¢ and the hydrostatic pressure pg(n — z*). w is the
vertical velocity defined in the o coordinate and is given as

w=w- 6Q+0—n —u O’Q+% -v 6@4—0—’1
ot ot ox  Ox dy ady)’

Integrating Eq. (2) from the bottom to the surface and applying the

kinematic boundary condition (4)-(5), we obtain the governing equa-

tion over the whole water depth as

oD  oDU oDV _

ot ox dy

(12)

0, 13
with U = [°, udo and V = [, vdo.
2.2. Boundary condition

For non-hydrostatic pressure ¢, a homogeneous Dirichlet boundary
condition is imposed at the water surface in the physical domain, i.e.,

q(x*,y*,n)=0. a4

At other boundaries, the Neumann boundary condition for non-
hydrostatic pressure is imposed. For the lateral boundary, a homoge-
neous Neumann boundary condition is imposed, i.e.,

V*q-n* =0, (15)

where V* = <,>;L*’ %, %
mal of the lateral boundary. At the bottom boundary, the boundary
condition for non-hydrostatic pressure is derived directly according to
Eq. (3), and the partial derivative of the non-hydrostatic pressure in
each direction is given as

ou; ou;
=\ o Mot

) and n* = (nfC n;,nz) is the unit outward nor-

dq
ox;}

oD
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1
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After the ¢ transformation, the homogeneous Dirichlet boundary condi-
tion remains the same:

9(x,y,0)= a7

The boundary condition for the lateral boundary must be transformed
as well. According to Eq. (15) and Eq. (7), we have

Veq-n=0, (18)

where V, = <i+%;;,%+ia—” i"—") and n = (n,,n,.n,) is the

ox do dy*’ do 0z*
outward unit normal vector for the lateral boundary in the computa-

tional domain. Likewise, the partial derivative of the non-hydrostatic
pressure on the bottom boundary in each direction can be derived from
Eq. (7) and Eq. (16), and the details are omitted here.

3. Derivation of the new Poisson-type equation

In this part, we first give the time step method used in our model,
followed by the derivation of the new Poisson-type equation. Finally, a
comparison between the newly derived Poisson-type equation and the
original equation is given.

3.1. Time stepping

The model is advanced in time using the two-stage second-order
strong stability preserving Runge—Kutta scheme. The first stage of the
scheme for Eq. (9) and Eq. (13) is as follows:

U*-u”

_OJE" 9G" +S". 19
At ox dy do " 2

pY —pr _ aDUY"  aDV)" (20)
At - 0x ay

U — U+
- SO, gDy, 21

The depth-averaged momenta (DU)" and (DV)" in Eq. (20) are obtained
through the integration of (Du)" and (Dv)" over the total water depth.
The temporary momentum U* in Eq. (19) are not divergence free and
need to be corrected through Eq. (21).

For the second stage of the scheme, the momentum and the water
depth are further updated as

U*-U»  gED  HGW aH<1>+

o % 22
At ox dy do h> (22)

DO -pb DUV  aDV)D 23)
Ar ox oy

U -U _ o po 0

T—Sp (D, q7). 249

The depth-averaged momenta (DU)" and (DV)® in Eq. (23) are also
obtained through the integration of (Du)") and (Dv)" over the total
water depth. Likewise, the temporary momentum U* in Eq. (22) are
not divergence free and need to be corrected through Eq. (24). With the
results at the second stage at hand, we can obtain the variables at level
n+ 1 as follows:

1 1

n+l=_ n 211®@ 2
U 2U +2U , (25)

n+l _ 1 n 1 2
Dp™i=2D +§D( ), (26)
In both stages, the temporary momentum U* needs to be corrected.
With the non-hydrostatic pressure ¢ introduced, the system is no longer
closed and needs to be solved together with the continuity equation.
Combining Eq. (2) with Eq. (7), we obtain the continuity equation in

the terrain-following o-coordinate as

du | ou do

du  ou dv , dv do
Jdx  do ox*

L9 dw do _
dy do dy*

+
do 0z*

27)
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For the convenience of description, derivation of the new form of Pois-
son equation is conducted based on the first stage of the scheme and
Eq. (27). The same derivation also applies to the second stage of the
scheme since corrections for both stages are the same.

3.2. Derivation of the new Poisson-type equation

Approximating the temporary water depth D* within the temporary
momentum U* by DV and dividing it on both sides of Eq. (21), we have

g A9 + 99 do ,
p x| do ox*
o At dq % dq do
P ay do dy*
w=w - AL 9q
pD FEyA

For the convenience of derivation, the superscripts for velocity compo-
nents, i.e. u, v, and w, the water depth D, and non-hydrostatic pressure
q are ignored in Eq. (28).

u=

v=

(28)

Substitution of Eq. (28) into Eq. (27) yields

9 | . At (dq 0 |« At (dq do
— |u + +— |u +
ox p ox do p ox

ox*

99 do
do dx*

99 Jdo
do dx*

9 o At 0q L% dq do
dy p 0y do dy*
+i U*_E ()q+0q do do | 0J w*__ aq do
do p \dy OJo dy* dy* = do 9o )| 9z
=0. 29

Moving the known terms to the right-hand side, we transform Eq. (29)
to

0 [9q9 , 99 do +i 99 99 do | do + 9 0 [9q 99 do
ox |ox " 9o oax* 9o | dx ' 9o ox* | ox* dy 0y dc ay*
9 [9a 99 95] 9 ( do )2 g
dc |0y  do ay* | ay* 0z* /) 9o?
p [ ou ou* do | Jdv*  Iv* do 1 ow*
— — . 30
At(6x+(30'6x*+0y 060y*+D60'> (30)

The second, fourth and fifth terms in Eq. (30) can be expanded as fol-
lows:

0 @_{_0!] do | do
do |0x  do dx* | dx*
_ 0 [0c 9q] _%i(da)+(06>2ﬂ+ﬂﬁo‘i(ao‘>
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_9 |90 t’_q’_%i( G)+i (av)zﬁ %0 (66)2
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+()q do 0 (00‘)
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_ 9 [ 00 9] _090 (D7), 0 (66)20_4
0o | 0x* dx| Ox do \Jx* oo |\ox*/ do
_0_(]061(66) 31)
do 0x* do \ Ox*
0 |99 , 99 do | do
do |0y  do dy* | dy*
_0[9004] _9a0 (95, (90 Pa, 9400 9 (00
do | ay* 0y y 0o \ dy* 0y* ) 962 0o dy* do \ Oy*
_0[9004) 930 (95, 0 |(00) %
do | dy* dy dy do \ oy* do ay* do
_ 99 0 |( do : 99 do 0 ( do
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do | dy* dy y 0o \ Oy* do ay* do
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- 9490 0 (0o (32)
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Substituting Eq. (31) to Eq. (33) into Eq. (30), the final Poisson-type
equation is given as

(34

o oo
do Ox*

Jv* v do

Lo 1 ow”
[23% do dy*

D Jdo

p [ ou*
V-KVq—Vq~u6=E<ax +

where V = (;7 ()% %) is the three-dimensional divergence operator in
the computational domain, K is a symmetric positive-definite diffusion

matrix with components varying in space and time and is defined as
1 0 do [ox*

K=[ o 1 o6 /oy* ,
06 /0x* 06/dy* (06/0x*)> + (36/0y*)* + (05 /0z*)?

(35)

and u, is a vector composed of derivatives or partial derivatives about

o, and is defined as
d ( do d do do 0 ( do do 0 do
=\>=(5%) 333 ) 355 + o - (36
Yo <60'(0x*) 6a<0y*> dx*@c)'(()x*) dy*da(dy*)) (36)

According to Eq. (6), these terms can be explicitly given as

Jdo __l(db 6D)_£(3D

ox* D \ox* = ox* D ox*’

do __1(0b + oD\ o 0D’ (37)
ay* D \ dy*  oy* D ody*

0 ( do 1 oD 0 [ do 1 oD

— =—— R — =—— . 38
do (6x* ) D ox* Jdo <6y* > D oy* (38)

3.3. Comparison of the two types of Poisson type equations

The difference between Eq. (1) and Eq. (34) lies in the treatment of
the Neumann boundary condition for non-hydrostatic pressure. For the
second-order operator in Eq. (34), the Neumann boundary condition is

given as
dq  9q do
+| =+ ==
)"* <ay 90 ay*)"y

() (32) +(22))

For the lateral boundary with n, = n}, n,=n}, n, =0 (see the descrip-
tion in Section 4.1), Eq. (39) is equivalent to Eq. (18), so the Neumann
boundary condition can maintain the original form of the Neumann
boundary condition with ¢ transformation considered and has no effect
on the final stiff matrix or the right-hand side (details about this can be
found from the numerical implementation in Section 4.2). At the bot-
tom boundary, the components of the outward unit normal vector of
the computational domain are n, =0, n, =0, and n, = -1, and only the
third term on the right-hand side of Eq. (39) is nonzero. Considering
that o equals —1 at the bottom boundary, the partial derivatives of ¢
with respect to x* and y* can be further simplified as

1 0b do _ 1 0b
D ox*’ ay* D oy*’

dqg 9q do
KVg-n=(2 4%
an <0x+660x*

+ Jo 6_[1 +
ax* dx

X Ny

do 9q Jc

ay* dy

(39

do
oax*

(40)

No partial derivative terms referring to water depth are included in
Eq. (40), and possible numerical error due to this part can be avoided.
In contrast to the newly derived Poisson-type equation, the original
Poisson-type equation, Eq. (1), is much more complex in regard to im-
posing the Neumann boundary condition. At the lateral boundary, the
term dq/dxn, + dq/dyn, needs to be given explicitly for the first two
terms on the left-hand side of Eq. (1). This term can be calculated in the
following two ways. In the first method, it is directly given according
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to Eq. (7) and Eq. (16), i.e., incompressible Navier—Stokes equations in
the terrain-following c-coordinate, while in the second method, it is set
as

9q Jdo 0q do
T e T Sy
do 0x do dy

(41)

according to Eq. (18).

In both methods, the calculation of do/dx* and do/dy* cannot be
simplified since o varies between —1 and 0. In addition, in the nu-
merical discretization of mixed partial derivatives referring to non-
hydrostatic pressure in Eq. (1), dg/don, and dq/don, need to be ap-
pointed at the lateral boundary, and the dq/ds in these two terms can
be calculated only according to the incompressible Navier-Stokes equa-
tions in the terrain-following o-coordinate. At the bottom boundary, the
term dq/don, needs to be given, which also needs to be calculated based
on the incompressible Navier-Stokes equations in the terrain-following
o-coordinate. Generally, all of these terms are nonzero and contribute
to the right-hand side of the global linear system.

4. Numerical implementation

In this part, we first describe the domain partition and the discon-
tinuous polynomial space related to it. Then, the numerical implemen-
tation of Eq. (34) based on the quadrature-free DG method is given.

4.1. Domain partition and polynomial space

For an arbitrary three-dimensional domain Qs,, its horizontal pro-
jection is denoted as Q,, and is partitioned by N,,,, non-overlapping
triangular or quadrilateral elements; i.e., Q,; = {Q5, : ¢ € [, N,je04] }-
In the vertical direction, Q,,; is extruded by N; layers to obtain
the three-dimensional computational domain Q;, = {Q° : e €[1, N1},
where N,, = N,,,, X Ny is the number of elements and the final
three-dimensional computational domain consists of triangular prisms
or quadrangular prisms. In Fig. 1, a schematic view of two columns of
nodal elements is given with a horizontal approximation order N, =1,
vertical approximation order N, =2, and vertical layers N; =2. And the
interpolation nodes set defined over the elements is the tensor product
of the one-dimensional (1D) Legendre-Gauss-Lobatto (LGL) quadrature
points and two-dimensional (2D) nodes set [18]. At the topmost (¢ = 0)
and bottommost (¢ = —1) boundaries of the computational domain,
the horizontal components of the unit outward normal are zero; i.e.,
n, =n, = 0. Additionally, the horizontal components of the unit out-
ward normal at the lateral boundary of the computational domain are
equal to those of the physical domain. n, = n}, and n, = ny since only the
vertical coordinate is stretched or compressed in the ¢ transformation.

In addition, we introduce the following finite dimensional space of

polynomials:
v, = {seLz(Q) : VQeeQM,seP(Nh'NU)(Q”)}, (42)
where L?(Q) is the space of the square-integrable functions and
P(n,. NU)(Q") is the complete space of polynomials defined over Q¢,
which is of order at most N, in the horizontal direction and at most
N, in the vertical direction. Let ¢; be the union of the unique inte-
rior edge of the computational domain, and let ¢; be the union of
the unique boundary edge. For any two adjacent elements Q¢~ and
Q, let fo-jpr = 0Q°T N 0Q* be the interface between them, and let
n~=(n,, n;,n;) and n* = (n;,n;r, n?) be the outward unit normal vector
on the interface. For scalar field ¢ € V;, and vector field a € Vh3, let c*
and a* be the traces of ¢ and a on f,- .+ from the interior of Q¢ and
Q¢t. We further define the average operator {-} and jump operator [-]
as follows:

-
(e}=2C -;c , [cl=ctnt +c™n7,

o
(a}=2 ;—a , [a]=a®-nt +a” -n". (43)
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® 1D node

® 2D node

® 3D node

A AAHA

\

Fig. 1. Schematic view of two columns of three-dimensional computational
elements, quadrangular prisms (left) and triangular prisms (right). For illustra-
tion purposes, the discontinuities between the adjacent computational elements
have been exaggerated, and no gap exists in reality.

On the union of the boundary edges, ¢, these terms are defined as

{c}=c, [e]=cn,

{a} =a, [a]=a-n, 44)

where ¢ and a are the unique values and n is the unit outward normal
of ep.

4.2. Numerical implementation

For the numerical implementation of Eq. (34), we start from the
following elliptic problem:

V-KVg(x)=f(x) x€Q3,,
qx)=qp(x) x€ep,
(KVg(x))-n=qy(x) x€ef, (45)

where eg # ¢ and e’l;’ are the Dirichlet boundary and Neumann bound-
ary with respect to the non-hydrostatic pressure respectively, and
eDUell =¢ep. Eq. (45) is first recast into the following first-order system
of equations:

V-Q=/
Q=KVq(x)

q(x)=qp(x) x€ep,

x€Qy,,

x €Qsy,

Q-n=gqy(x) xesg’. (46)

We find g, €V, and Q,, € ¥ such that for all Q° € Q;,, we have

/Qh~rdx=—/thh~(Kr)dx+/cihKr~ndx, vrev} 47)

Qe Qe aQe

—/Qh . thdx=/fudx— / vQy, -ndx, Yvev, (48)
Qe Qe

0Qe

Here, V,, is the broken gradient operator, 4, and Q,, are the numerical
fluxes, and are approximations of ¢ (x) and Q = KVq(x) at the elemental
boundaries, respectively. On the interior face, the numerical fluxes are
given as

Qh = {th%}w -7 [‘Ih] , Gp= {qh} , (49)
where {KV,q,,} is the weighted average defined as
{KV,a,}, =0 (KV,q,)” +o* (KV,q,)". (50)

17

Computers and Mathematics with Applications 145 (2023) 13-23

and the two nonnegative real numbers w~ and w* are the weights on
the interior face as,

Kt + K~

= R = R 51
Kk~ +«kt @ Kk~ +«kt (C1Y)

with x* = (ni)T Kn* the normal component of the diffusion matrix on
both sides of the interior face f,-/+. Also, 7 in Eq. (49) is the penalty
parameter defined as,

n 2k k7t

T hp x4+t

(52)

where 5 is a user-dependent parameter and is set to be 1000 in this
study, A is a local length scale associated with the mesh face [19].
On the boundary faces, the corresponding numerical fluxes are given

as,
Q,=KV,q, -7 (g4 —ap)n. dn = 4ap> xeeh (53)
Q.=ayn.  Gy=aq,. x€e€} (54

with 7 calculated according to Eq. (52) by setting x* =k~ =n” Kn.
Summing Egs. (47) and (48) over the computational domain, we
have
/ Q- tdx=— / apVp - (Kr)dx+/¢ih [Kr]dx
Q34

Q34

+/z§hKf-ndx vrev?,

€1

(55)

€B
—/Qh~thdx=/fvdx—/Qh~[U]dx—/th~ndx Yo eV,
Q3 Q34 €1

€
(56)

Substituting the numerical fluxes, and after some manipulation, we can
obtain the primal form about the non-hydrostatic pressure as

—/V,,v‘(KV,,q,,)dx+/[qh]~{Kth}mdx

Q3 €

+/ ({th%}w -7 [qh]) -[v]dx

€r

+/thVhU4ndx+/UKthh~ndx—/ruhudx=/fudx
D D D

Q
B €p £g 3d

+/qDKth~ndx+/rqDde—/Uqux.
D D N

I3 £ [3

(57)

B B B

A thorough a priori error analysis yielding robust and optimal error
estimates for the above primal form has been conducted by Ern et al. in
[20].

Apart from the second-order operator for non-hydrostatic pressure,
the first-order partial derivatives are included in Eq. (34). For the dis-
cretization of these terms, we introduce the following auxiliary variable:

oc=Vq. (58)

For Eq. (58), we find (g;,.0,) €V}, X Vh3 such that for all elements Q¢ €
Q;, and 7 €V}, we have

/Gh-rdx:—/qhvh~rdx+/z}hr-ndx, ‘V’TEVh3

Qe Qe 0Q¢

(59

Here, g, is the numerical approximation to g, at the elemental bound-
aries and is given in Egs. (49), (53) and (54). Summing Eq. (59) over the
computational domain and applying the integration by part, we have

/O'h‘deZ/T'VhlIhdx-/([lIh]‘{T}—{ﬁh—qh}[f]wx

Q34 Q34 €r
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+/ (dn —an) T -ndx, Vre V; (60)
€B

Substituting the numerical flux into Eq. (57), we arrive at
/O'h cTdx = / T‘thhdx—/ [qh] . {f}dx+/ (qD —qh)r-ndx,
Q34 Q34 €1 b

vrev; (61)
Defining the lifting operators r : L? (e;) » V; and r), : L? (eD) - V2,
/r(¢) Tdx=— /¢ bdx VreV),
Q34
/rD(q)-fdx:—/qr-ndx vreV}?, (62)
Q34 o
we have
6, =Vya,+1 ([a4]) —vp (40— an) - (63)

It can be seen that o, is equal to V,q, plus additional perturbation
terms forced by [qh] and gp — gy,

For the discretization of Egs (57) and (63), the solution on each
element is approximated by a finite series expansion as,

N,

. (x)= 2 a5, (%),

p=1

a;, (x) € L2 (Q°), (64)
where the nodal Lagrangian basis functions /, (x,) =1 and 1, (x,) =0,
Vq # p, are defined over the nodal sets shown in Fig. 1. According to
Einstein’s summation convention, the first term on the left hand side of
Eq. (57) can be expanded as,

Jdv gy,
V,v- (KV dx = —k;;—dx,
/ hY ( hqh) * /0x,- 'jdxj X
Q34 Q34

i,j€(1,2,3) (65)

For the discretization of each term in Eq. (65), the quadrature-free nodal
DG method[18,21-23] is used. On each element Q¢ € Q,,, they are dis-
cretized as

(Dj’() ><M"><ke xDE xq5, (66)

where ki is the diagonal matrix holding the discrete nodal values of

ki;» gy is is the vector of discrete nodal values of ans Dy, and M¢ are the

differentiation matrix and the mass matrix defined over Q¢, and their
components are given as,
, al, (x) .
D= h® x, M= [ 1,(x)1, (x)dx. (67)
Q, Q,

Other terms in Eq. (57) and Eq. (63) are discretized following the same
philosophy, and the details are just omitted here.

In addition to the partial derivatives about the non-hydrostatic
pressure, both the first-order partial derivative and the mixed partial
derivative about ¢ are also included in Eq. (34), and they are further
given by Egs. (37)-(38) according to Eq. (6). It is noted that only first-
order partial derivatives about the bottom topography and water depth
are included in Egs. (37)-(38). These terms are all calculated follow-
ing the same philosophy as that for the first-order partial derivatives
about non-hydrostatic pressure, and the central flux is adopted to spec-
ify the unique numerical flux at the elemental boundaries. Following
Engsig-Karup et al. [24,25], products of different partial derivatives are
evaluated by the direct products of the interpolant functions at inter-
polation nodes. Although, this approach suffers from aliasing errors, it
allows for an efficient way of reconstructing the operators, which is
considered to be necessary for the implementation of the method to
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be relatively simple. Finally, a global linear system for non-hydrostatic
pressure is formed and is given as

(68)

where A is the global sparse stiff matrix and b is the right-hand side
of the system. System (68) is solved with the direct solver provided by
Pardiso [26].

5. Numerical tests

Four numerical tests are conducted in this section. All the tests are
conducted on an Intel Xeon E5-2620 processor with 16 GB internal
memory. For the first case, we show that the newly derived Pois-
son equation is better than the original Poisson equation in terms of
the convergence property in the framework of the quadrature-free DG
method. For the second case, we show that the three-dimensional non-
hydrostatic model with the newly derived Poisson-type equation has a
smaller numerical error than the original one. For the third case, we
show that the three-dimensional non-hydrostatic model with the newly
derived Poisson equation can simulate the theoretical case well. For
the last case, we show that the developed model can properly simulate
combined wave refraction and diffraction.

5.1. Test case with a manufactured solution

For this case, we use the method of manufactured solutions [27] to
study the convergence properties of both the newly derived Poisson-
type equation and the original equation. The horizontal projection of
the horizontal domain is Q,, =[-1,1]x[-1, 1], and the bottom topogra-
phy, the water depth and the non-hydrostatic pressure are given as

b(x,y)=0, (69)
D (x,y)=0.04cos (zx)cos (xy)+ 1.0, (70)
q(x,y,a):sin(—%a)sin(%x)sin(%y). (71)

These functions are chosen well such that each term on the left-hand
side of Eq. (1) and Eq. (34) can be calculated analytically. Following
the setup of boundary conditions for the non-hydrostatic model, the
Dirichlet boundary condition is imposed at the surface (¢ = 0), while the
Neumann boundary condition is imposed at the rest of the boundaries.
We further substitute the manufactured solution into the left-hand sides
of Eq. (1) and Eq. (34) to obtain the right-hand side.

Tests are run with successively refined meshes. For the coarsest
mesh, there are 4 uniform elements both in the x and y directions and
2 vertical layers. We refine the mesh up to 4 times and compute the L,
error of the non-hydrostatic pressure against the analytical solution as
follows:

172

Z / (05 () - 02 (x)) dx| .

LZ*(’)‘I‘H}’ (72)

Z/g

where Qf (x) is the numerical result and Q¢*““ (x) is the analytical so-
lution. To measure the convergence properties of the model, we define
the convergence rate (CR) as follows:

CR= 10g2 (L'enrmr Z/Lerror 2) /10g2 (Lm/Lm_l) ’

where L7 = and L7 olr , are the numerical errors on two successive
refined meshes and L™ and L”~! are the characteristic lengths of the
meshes.

The L, error and the CR of the original Poisson-type equation and
the newly derived equation are listed in Table 1 and Table 2. We find
that the model of the original Poisson-type equation converges at or-
der one when the approximation order N, = N, = 1 and approximately

converges at order three when N, = N, =2. However, the model of the

(73)



G. Ran, Q. Zhang, G. Shi et al.

Computers and Mathematics with Applications 145 (2023) 13-23

0.2 P T T T T T T T T T
; —=%
Y4 - g . * Analytical New = = = Original
0.15 0.06 /,:, 4
L Z*
0.04 == .
0.1 46 465
= ;‘\‘ . 2™ P % /
E oosf £ N ! \ F X F % Jd
= \ ¥ b # ¥ / \\v ¥
- % “ * p * # ¥ F ¥ d
oF 4 . ¢ t ¥ t ¢ % f Y o
4 “ % & * 4 ¥ /i \ [
* v/ Y Y | YO/
-005¢ } \ / . 1 " 4 Y 4 v\ AT
A J Yol L ok ¥y
_0 1 1 1 1 1 1 1 1 1 1
30 32 34 36 38 40 42 44 46 48 50

t(s)

Fig. 2. Comparison of the numerical results (blue dashed line for original Poisson-type equation and green dashed line for newly derived Poisson-type equation)
with the analytical solution (red stars) for the time history of water surface elevation at x = 18.0.

Table 1
Comparison of the L, error and CR between the original and newly derived
Poisson equation for approximation order N, = N, =1.

Num N, N, Original equation Newly derived equation
Ly oy CR Ly oy CR
1 16 2 1.75%x 1072 —~— 3.10x 107* —~—
2 64 4 8.53% 1073 1.04 8.09%x 1073 1.94
3 256 8 4.01x 1073 1.09 2.03x 107 1.99
4 1024 16 1.91x 1073 1.07 5.09x 1076 2.00
Table 2

Comparison of the L, error and CR between the original and newly derived
Poisson equation for approximation order N, = N, =2.

Num N, N, Original equation Newly derived equation
Ly CR Ly CR
1 16 2 1.69x 1073 —~— 7.25% 107 —~—
2 64 4 2.54%107* 2.73 5.47x1077 3.73
3 256 8 3.36x 1073 2.92 3.66x 1078 3.90
4 1024 16 4.27x107° 2.98 2.36x107° 3.95

new Poisson-type equation converges at the optimal order of two or
three when the approximation order N, and N, is set to be 1 or 2, re-
spectively. A comparison of the CR indicates that the new Poisson-type
equation has better convergence properties than the original equation
in the framework of the quadrature-free DG method.

5.2. Standing wave in a closed basin

For the second case, a standing wave in a closed basin is studied.
This basin is 20 m long and 1.0 m wide, and the still water depth is
h =10 m. This case is widely used for the validation of non-hydrostatic
models [2,3]. Initially, all velocity components are set to zero, and the
initial water surface elevation is set to

n=Acos(’1T—z)‘)ogxszo, 74)

where the wave amplitude is A = 0.1 m. The wavelength of the standing
wave is L =20 m. According to the linear dispersion relation,

62 = gktanh (kh), (75)

with ¢ =27 /T and k =2z/L, we can obtain a period of the wave of
T =3.59 s. The linearized analytical solution for this standing wave is

n =acos (kx)cos(ct). (76)

For this case, the uniform elemental size is 0.5 m in both the x and y
directions, and the number of vertical layers is N; = 1. The horizontal
approximation order is N, = 1, and the vertical approximation order is

N, = 3. The whole simulation lasts for 50 s, and the time step is taken
as a constant value, At =0.005 s.

In Fig. 2, we compare the numerical results with the analytical so-
lution for the time history of the water surface elevation at x = 18.0.
It can be found that a small phase error exists for the non-hydrostatic
model with the different Poisson-type equations adopted. For a better
view, a magnified version is also included in Fig. 2. It is clear that the
non-hydrostatic model with the newly derived Poisson-type equation
approximates the analytical solution better than the non-hydrostatic
model with the original Poisson-type equation. To quantitatively mea-
sure this difference, we define the root mean square error (RMSE) as
follows:

77)

where Np is the total time steps, #; is the numerical result at step j
and 7, ; is the analytical solution at the same step. The results show
that the RMSE for the non-hydrostatic model with the newly derived
Poisson-type equation is 2.67e—3, while 3.40e-3 for the model with the
original Poisson-type equation. This indicates that the non-hydrostatic
model with the newly derived Poisson equation has a smaller numerical
error than that with the original Poisson equation.

5.3. Solitary wave propagation in a channel

The solitary wave is an important feature in realistic ocean dynamics
and has been widely used for the validation of non-hydrostatic models
[2,3,13,28,29]. The solitary wave is also simulated in this study to show
the low dissipation of the model. Owing to the balance between non-
linearity and dispersion, the computed solitary wave should maintain
its initial profile propagating through a channel with both the friction
and viscosity ignored. The channel is 100 m long and 1.0 m wide, and
the still water depth is 2 = 1.0 m. A solitary wave with the wave height
to the still water depth ratio e = H/h = 0.2 is appointed according to
the third-order analytical solution derived by Fenton [30]. The uniform
mesh size is 1/3 m in both the x and y directions, and the number of
vertical layers is N; = 1. The horizontal approximation order is Nj, =1,
and the vertical approximation order is N, = 3. The whole simulation
lasts for 20 s.

During the simulation, the solitary wave moves approximately with
the wave speed ¢ = y/gh (1 + €) = 3.43 m/s from left to right. In Fig. 3, we
compare the numerical results with the analytical solutions for horizon-
tal velocity u, surface elevation 7, vertical velocity w and total pressure
p at the half water depth. Except for the small undulation in the tail
caused by the inconsistency between the initial condition and the gov-
erning equations, the numerical solutions generally match well with the
analytical solutions.
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Fig. 3. Comparison of the numerical results (black line) with the analytical solutions (red circle) for horizontal velocity u, surface elevation #, vertical velocity w

and total pressure p at time points 5s, 10 s, 15 s and 20 s.

To further measure the dissipation of the developed non-hydrostatic
model with the newly derived Poisson equation adopted, we define the
relative error (RE) as follows:

RE= (¢mmp - ¢ana> /¢ana’ (78)

where ¢, is the maximum value of the numerical result and ¢,,, is
that of the analytical solution. In Fig. 4, we give the time history of the
RE for the maximum surface elevation #,,,,, the maximum horizontal

20

velocity u,.., max and the maximum
total pressure p,,,.. From Fig. 4, we can infer that there is a redistri-
bution of the solution for prognostic variables #, u and w since the

the maximum vertical velocity w,

initial condition is not compatible with the governing equations, and
this redistribution finishes at approximately 1.75 s, after which the dis-
tribution of the prognostic variables becomes relatively stable. During
the whole simulation, the RE of the maximum value for all the prog-
nostic variables is controlled well, and the maximum absolute value is
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Fig. 5. Experimental setup of wave transformation over a circular shoal.

less than 2%. For the diagnostic variable, i.e., the total pressure p, the
RE of the maximum value is approximately 0.25%. We note that the RE
oscillates around a given value since the mesh resolution is finite.

5.4. Wave transformation over a circular shoal

For the last case, the wave transformation over a circular shoal is
modelled to validate the capability of the model for the simulation
of complex wave transformation in the combined wave refraction and
diffraction. The experimental setup of this case is provided by Chawla
[31] and is shown in Fig. 5. This wave basin is 22 m long in x direc-
tion and 18.2 m wide in y direction, and a circular shoal is placed on
an otherwise flat bottom in the basin. The centre of the shoal is located
at point (5.0, 8.98), and the perimeter of the shoal is defined as

(x=5)> + (y—8.98)> =2.57%. (79)
The water depth over the submerged shoal is given by
D=Dy+873— \/82.81 —(x—5)* = (y—8.98), (80)

with D, = 0.45 the constant water depth of the basin.

For the numerical simulation, the incident wave with height H, =
0.0118 m and wave period T =1 s are imposed at the left boundary cor-
responding to x =0 m. To minimize wave reflection, a sponge layer of
length 4 m is deployed at the right side of the wave basin. The other two
lateral walls are treated as reflective boundaries. The approximation or-
der is N, =1 in horizontal direction and N, =3 in vertical direction.
We choose a uniform element size of 0.075 m in x direction and 0.15

21

t (s)

the maximum vertical velocity w,,,, and the maximum

‘max ?

m in y direction, only one layer is adopted in vertical direction, and the
whole computational domain consists of 35453 quadrangular prisms.
The whole simulation lasts for 40 s.

The three-dimensional free surface at t =40 s is shown in Fig. 6. Due
to the uneven topography, wave diffraction and wave refraction are
formed on the leeward side of the shoal. To provide the details of the
simulated results, we also present a comparison of the measured relative
wave height and the simulated relative wave height at the seven cross
sections shown in Fig. 7. The simulated relative wave height is defined
as H,/H,, where H, is the simulated wave height and is obtained by
taking the difference between the maximum and the minimum free-
surface elevation over the last 10 periods during which the wave form
is steady.

From Fig. 7, a close agreement between the numerical results and
the experimental data of Chawla [31] is observed, and the relative wave
height reaches the value of 2.7, as shown in Fig. 7a. The close agreement
between the numerical results and the measured data observed along
cross sections at x=3.8 m, x=50m, x=62m, x=80m, x=97m
and x = 11.2 m (Fig. 7b-g) indicates that the combined refraction and
diffraction effects are captured successfully by the developed model. It’s
also noted that the shoal centre is located at the y =8.98 m (the width
of the basin is 18.2 m), which is slightly closer to one of the side walls
(y =0 m). Therefore, the distribution of wave height in the y direction
is not symmetric, and this can be observed in Fig. 7b-g.

6. Conclusion

In this study, a new Poisson-type equation for the non-hydrostatic
pressure in the terrain-following ¢ coordinate is proposed. The resultant
Poisson-type equation consists of a standard elliptic operator and other
first-order operators for non-hydrostatic pressure.

Compared with the original Poisson-type equation, the treatment of
the boundary condition at the lateral boundary can be simplified. The
test case of the manufactured solution indicates that the newly derived
Poisson-type equation has better convergence properties than the origi-
nal equation in the framework of the quadrature-free nodal DG method
and that it can achieve the optimal CR when the approximation order is
set to 1 or 2. Additionally, the test case of the standing wave indicates
that the non-hydrostatic model with the newly derived Poisson-type
equation has a smaller numerical error than that with the original equa-
tion. For the time history of the surface elevation for a given point,
the RMSE is 2.67e—3 for the non-hydrostatic model with the newly de-
rived Poisson-type equation, while it is 3.40e—3 for the non-hydrostatic
model with the original equation. Test case of the solitary wave shows
that the absolute RE for the maximum surface elevation 7,,,,, the maxi-
mum horizontal velocity u,,,,, the maximum vertical velocity w,,,, and
the maximum total pressure p,,, are less than 2%, indicating the small
dissipative nature of the developed model. In addition, transformation
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Fig. 7. (continued)

of wave over a circular shoal indicates that the developed model can
properly simulate combined wave refraction and diffraction.

More details about the numerical implementation and results about
the non-hydrostatic model will be given in a forthcoming paper.

(d) Section D-D (x =8.0 m)

Data availability

Fig. 7. Comparison of the relative wave height calculated by the developed

mode] with laboratory measurement. No data was used for the research described in the article.
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